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Abstract- Two new generalized fuzzy transportation models namely Generalized Fuzzy Cost Deviation
Strategy and Next to Next Generalized Fuzzy Minimum Penalty Strategy are proposed in this paper for solving
the generalized fuzzy transportation problems where the transportation cost, supply and demand are generalized
trapezoidal fuzzy numbers. Both algorithms produce efficient initial solution in terms of minimum generalized
fuzzy transportation cost and an optimal solution can be obtained by using Generalized fuzzy modified
distribution method. Numerical examples are used to illustrate them and a comparison between the two

proposed Strategies is made.
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1. INTRODUCTION

The Transportation problem is the special
type of linear programming problem where special
mathematical structure of restrictions is used.
Efficient algorithms have been developed for
solving the transportation problem when the cost
coefficients and the supply and demand quantities
are known exactly. The occurrence of randomness
and imprecision in the real world is inevitable
owing to some unexpected situations. There are
cases that the cost coefficients and the supply and
demand quantities of a transportation problem may
be uncertain due to some uncontrollable factors. To
deal quantitatively with imprecise information in
making decisions, Bellman and Zadeh (1970) and
Zadeh(1965) introduced the notion of fuzziness.

Fuzzy transportation problem is a
transportation problem whose decision parameters
are fuzzy numbers. Lai and Hwang (1992) used
tabular method for solving Fuzzy transportation
problem by means of a crisp parametric
programming problem. Stephen Dinagar (2009)
investigated fuzzy transportation problem with the
aid of trapezoidal fuzzy numbers and proposed
fuzzy modified distribution method to find the
optimal solution in terms of fuzzy numbers.
Pandian and Natarajan (2010) proposed an
algorithm namely fuzzy zero point method for
finding an optimal solution to a fuzzy
transportation problem.

Chen, (1985b) pointed out that in many
cases it is not possible to restrict the membership
function to the normal form and proposed the
concept of generalized fuzzy numbers. There are
several papers (Chen & Chen, (2003), Yong, et al.,
(2004), Chen& Chen, (2007), Chen & Chen,

(2009), Chen & Wang, (2009)) in which
generalized fuzzy numbers are used for solving real
life problems.

In this paper, two new generalized fuzzy
transportation methods namely Generalized Fuzzy
Cost Deviation Strategy and Next to Next
Generalized Fuzzy Minimum Penalty Strategy are
proposed. Both methods are used for solving the
generalized fuzzy transportation problems where
the transportation cost, supply and demand are
generalized trapezoidal fuzzy numbers. Both
algorithms produce efficient initial solution in
terms of minimum generalized fuzzy transportation
cost. An optimal solution can be obtained by using
Generalized fuzzy modified distribution method.
Numerical examples are used to illustrate them and
a comparison between the two proposed Strategies
is made.

2. PRELIMINARIES

In this section basic definitions are
reviewed according to Kaufmann and Gupta,
(1988).

Definition 1:

The characteristic function of a crisp set A
C X assigns a value either 0 or 1 to each member in
X. This function can be generalized to a function
uz such that the value assigned to the element of
the universal set X fall within a specified range i.e.
uz: X — [0,1]. The assigned value indicates the
membership grade of the element in the set A. The
function pyis called the membership function and
the set
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A ={(x, uz (x)); x € X } defined by uz for each
Definition 2:

A fuzzy set A defined on the universal set of real
numbers R, is said to be a fuzzy number if its
membership ~ function has the following
characteristics:

(i) wuz: R —[0,1] is continuous.

(ii) pwz(x) =0forall x € (—o0,a] U [d, )

(iii) pz(x) is strictly increasing on [a, b]and strictly
decreasing on [c, d].

(iv) pg(x) =1 for all x € [b,c] ,where a <b <
c<d.

Definition 3:

A fuzzy number A = (a,b,c,d) is said to be a
trapezoidal fuzzy number if its membership
function is given by

( xma) a<x <b
(b-a)
,Ltg(X)Z{ 1 b <x <c
| 2 c<x <d
(c-a)

Definition 4:

A fuzzy set A defined on the universal set
of real numbers R, is said to be Generalized Fuzzy
Number (GFN) if its membership function has the
following characteristics
(i) wuz:R—10,1] is continuous.

(i) pz(x) =0forall x € (—oo,a] U [d, )

(iii) pz(x)is strictly increasing on [a,b] and
strictly decreasing on [c, d].

(iv) uz(x) = w, forall x € [b,c], where 0 <w < 1.

Definition 5:

A GFN 4 = (a,b,c,d;w) is said to be a
Generalized Trapezoidal Fuzzy Number if its
membership function is given by

wata) i <x <b
(b-a)
pa(x) = w
w(x—d)
(c-a)

,b <x <c
,c<x <d

If in a Generalized Trapezoidal Fuzzy Number 4,
we let b = ¢ then we get a Generalized Triangular
Fuzzy Number denoted by 4 = (a, b, d; w).
Definition 6:

A GFN A = (a,b,c,d;w) is said to be
nonnegative  Generalized Trapezoidal Fuzzy
Number if and only if a = 0.

Definition 7:

Two GFNs A = (ay,by,c¢;,dq;w,;)and
= (ay, by, c,,d,; w,) are said to be equal i.e.,
=B ifonlyif a=a, , by=b, ,c,=cy,
1= dy, Wy = wy.

(ST v

x €Xis called a fuzzy set.
3. ARITHMETIC OPERATIONS OF
GENERALIZED FUZZY NUMBERS
According to Chen& Chen, (2009),
arithmetic operations between two generalized
trapezoidal fuzzy numbers defined on universal set
of real numbers R, are reviewed as follows

If A = (ay, by, cq,d;wy) and

B =(a, b, c,,dy;w,) are two Generalized

Trapezoidal Fuzzy numbers then

(i) Generalized Fuzzy numbers addition () :
ADB=(ay+a,,by+b, ¢, +¢,,dy +

d,; minimum(w,, wz)) where

a,,by,cq,dq,a,,b,,c, d, are any real numbers.

(ii) Generalized Fuzzy numbers subtraction (©) :
A©B=(a,—dyb,—cy,c, —by ,dy —

a,; minimum (wy, wz)) where

a;,b,,c;,d,,a,,b,,c, d, areany real numbers.

(iii)Generalized Fuzzy numbers multiplication(®) :
A®B = (a',b’,¢’,d’; minimum(wy, w,)) where
a' = minimum(a, a,, a;d,, a,d,,d,d,) b’ =
minimum(b, by, b, c,, ¢1b,, ¢;¢5)

¢’ = maximum (b, b,, byc,, c1b,,c1c,) d =
maximum (a,a,, a;d,, a,d,, d,d,) where
a,,by,cq,dq,a,,b,,c, d, are any real numbers.

(iv)Generalized Fuzzy numbers scalar
multiplication:

A = {(Aal,lbl,lcl,ldl; wi),A>0

(Ady, Acy, Aby, Aag;wy), A< 0

4. RANKING OF GENERALIZED FUZZY
NUMBER

Let A=(a,b,c,d; w) be a generalized
trapezoidal fuzzy number then

(i) Rank R(A) = w]
(i) mode (&) = Y&+

(iii) divergence (&) Z w(d — a),
(iv) Left spread (A) =w(b —a)
(v) Right spread (A) = w(d — ¢)

Two generalized trapezoidal fuzzy numbers

A:(al ' bl,Cl ,dl;Wl)ande:(az ) bz,Cz ,dz;Wz)
can be compared using the ranking functions given
in Amit Kumar etal. , (2010).

5.GENERALIZEDFUZZY
TRANSPORTATION PROBLEM (GFTP)

Consider a transportation problem with m

generalized origins (rows) and n generalized fuzzy
destinations (columns).
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A~ _ [ @ 3 @
Let G = [cij 2 Cii 0 i Gy ’Wcij]
be the cost of transporting one unit of the product
from i generalized fuzzy origin to j" generalized

fuzzy destination.

a =[a,a®,a®,al” w,] be the quantity of
commodity available at generalized fuzzy origin i.
b, = [b}.(l) ,b}.(z) ,bj(g) ,b}.(”‘) ij] be the quantity of
commodity needed at generalized fuzzy destination
j X = [x(l) @ 5B @ Wy, ] is the

o= Xy Xy Xy o Xy
quantity transported from i"™ generalized fuzzy
origin to j™ generalized fuzzy destination.

The generalized fuzzy transportation problem can
be stated in the tabular form as

GFD, GFD; GFD, GFC
Xy X X,
GFO, i
Cn _ Cp €l
Xan Xn X
GFO, . . . i
Cy Cn Can
X Xt Xun
GFO,, iy
Comt Con Com
GFD b b2 by

where GFO; (i=1,2,...m) — Generalized Fuzzy
Origin, GFD; (j=1,2,...n) — Generalized Fuzzy
Destination, GFC — Generalized Fuzzy Capacity,
GFD — Generalized Fuzzy Demand.
Definition 8 :
The given GFTP is said to be balanced if
m

o @ B @,
Z(ai a4 7,47, 'Wai)
i=1

n

_ W @ @ @,
_Z(bi b b2 b 5w, )

j=1
(ie) if the total generalized fuzzy capacity is equal
to the total generalized fuzzy demand.
Definition 9 :

Any set of generalized fuzzy allocations
Xij > (=1,-0.51,0.54,1;0.5), 1 € [0,1], which
satisfies the row and column sum is a generalized
fuzzy feasible solution.

6.GENERALIZED FUZZY COST DEVIATION
STRATEGY

A Strategy, Generalized Fuzzy Cost
Deviation Strategy is proposed to find the initial

basic feasible solution of GFTP and the steps are
summarized as follows:

Step 1: The generalized fuzzy cost deviation table
is constructed for the given generalized fuzzy
transportation problem as follows.

The row and column generalized fuzzy cost
deviation of a cell for each row and each column is
computed to obtain an ordered pair. This ordered
pair is equal to the generalized fuzzy transportation
cost of the cell minus the generalized fuzzy
minimum of the corresponding row or column
generalized fuzzy transportation cost. The ordered
pair (8,¢) is the generalized fuzzy cost deviation, if
0 is the row generalized fuzzy cost deviation and ¢
is the column generalized fuzzy cost deviation of
the cell.

Step 2: A row r, which contains the maximum
generalized fuzzy row cost deviation is found.

Step 3: A column t which contains the maximum
generalized fuzzy column cost deviation is found

Step 4: The minimum generalized fuzzy cost
deviation in the rth row is found, say (a, b).

Step 5: The minimum generalized fuzzy cost
deviation in the th column is found, say (c, d).

Step6: The corresponding cells for (a,b) and
(c,d) are found say (x,y) and (a, B) respectively.

Step7: (@) If x # aand y = B, both cells (x,y)
and (a,B) are selected and the maximum
possible is allocated to them.

(b) () fx#+#aandy=p o x= a and
y=+ B ,if (a,b) > (c,d), cell (x,y) is selected,
the maximum possible is allocated to it. Then, cell
(a,B) is selected and the maximum possible is
allocated to it.

(ii)Ifx+= candy=pf or x=caand y* 8,
if (a,b) < (c,d), cell (a,B) is selected, the
maximum possible is allocated to it. Then, cell
(x,y) is selected and the maximum possible is
allocated to it.

(iiifx# aandy =B or x=caand y+ B,
if (a,b) = (c,d), any one of the cell is selected
and the maximum possible is allocated to it. Then,
another cell is selected, the maximum possible is
allocated to it.

() Ifx=aand y= B, cell (a,b) = (c,d) is

selected and the maximum possible is allocated to
it.
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Step 8: The generalized fuzzy transportation table
is refined after deleting fully used generalized
fuzzy supply points and fully received generalized
fuzzy demand points. Incompletely used fully used
generalized fuzzy supply points and incompletely
received generalized fuzzy demand points are
modified.

Step 9: The generalized fuzzy cost deviation table
is constructed for the reduced generalized fuzzy
transportation problem. Then, step 2 is executed.

Step 10 : The above process is repeated until all
generalized fuzzy supply points are fully used or all
fuzzy demand points are received.

Step 11 : A generalized fuzzy solution is resulted
for the problem from the allotment.

7. NEXT TO NEXT GENERALIZED FUZZY
MINIMUM PENALTY STRATEGY

A Strategy, Next to Next Generalized
Fuzzy Minimum Penalty Strategy is proposed to
find the initial basic feasible solution of GFTP and
the steps are summarized as follows:

Step 1 : The smallest generalized fuzzy entry from
the first row is chosen and it is subtracted from the
third smallest generalized fuzzy entry. This value
is written against the row on the right. This value
is the generalized fuzzy penalty for the first row.
Similarly, the generalized fuzzy penalty for each
row is computed.

Step 2: Then the generalized fuzzy column
penalties are calculated and they are written on the
bottom of the generalized fuzzy cost matrix below
their corresponding columns.

Step 3 : The highest generalized fuzzy penalty is
selected and the row or column for which this
corresponds is found. Min (di,Ej) allocation is
made to the cell having the lowest generalized
fuzzy cost from the selected row or column.

Step 4 : The satisfied row or column is eliminated.
Fresh generalized fuzzy penalties for the remaining
generalized fuzzy sub matrix are calculated as in
step 1 and step 2 and allocations are made as
mentioned in step 3. This is continued until all the
rim requirements are satisfied.

8. NUMERICAL EXAMPLE
In this section the methods discussed in

sections 6 and 7 are illustrated by an example
Problem:

Consider a GFTP with rows representing three
generalized fuzzy origins GFO; GFO, GFO; and
columns representing four destinations GFD, ,
GFD,, GFD; GFD,.

GFD, GID, GID; GFDy GFC

GFO1 Q34500  (@QA45705) (LI3400) (246806 (L4610,0.0)

GFO, (Q361303) (123600 Q361401 (L6111503) 246802)

GFO; (6101700 2631200 (124600 (1371000 (510,1420,0.2)

GFD  (269,402) (681002 (34700 (35702

Since Yit;a; = Xi-1b; = (8,18,26,38,0.2), the
problem is balanced GFTP and there exists a
feasible solution to the GFTP.

Generalized Fuzzy Cost Deviation Strategy:

By step 1, the generalized fuzzy cost
deviation table is constructed as

0D, G, Gy G, 0K

GFOL | [(20240.0), 311300, | [14700, | (1461002)
(3.11302] (3.11301)] | 833701y

6ROy | [(404.1200), | [5.11500), | (204501, [(439 40) 24580)
(3.131102)] (<11ﬂ01)] (2041301 | (8-181401)]

GFO; | (4281600, | (261100, | [3.22500), | [3-13901), | (10.142000)
(3271502)] | (4361100 | (312500)] | (3.4490.1)]
D | (6910D) | (881000 | QAAT0D) | (13570

The maximum generalized fuzzy row cost
deviation is identified, which is in cell (3,1) and the
minimum generalized fuzzy row cost is selected
from the third row , which is to be in cell (3,3).
The maximum generalized fuzzy column cost
deviation is identified, which is in cell (3,1) and the
minimum generalized fuzzy column cost is selected
from the third column , which is to be in cell (1,1).
The selected cells are (3,3) , (1,1).

By step 7, maximum possible units are allocated to
cells (3,3) and (1,1).

After the allocation is made on both the cells, it
results in the generalized fuzzy transportation table
shown below:

G, G, [ GFC
G0 | (2361603)| (1236:0) Q6111503)| (246300
0F0s | (26,101702)| (2681202) (137.1000) | (2611180
G | (805.13:02)] (3681002 (135702
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Applying step 1 to the above table, the following
generalized fuzzy cost deviation table is obtained.

6D, 6D, GED, GEC
G0, | [4041201), | (511500, (39400, | (246800)
(15.701102)] | (541501 (3181401
GR0; [ (3171601, | [S131501) [0.44501), | (261L1802)
(15441502)] | (436.1101) (9.4490.0)
WD | (305302 | (681002 (133700

The maximum generalized fuzzy row cost
deviation is identified, which is in cell (2,4) and the
minimum generalized fuzzy row cost is selected
from the second row , which is to be in cell (2,2).
The maximum generalized fuzzy column cost
deviation is identified, which is in cell (3,2) and the
minimum generalized fuzzy column cost is selected
from the second column , which is to be in cell
(2,2). The selected cell is (2,2).

By step 7, maximum possible units are allocated to
cells (2,2).

After the allocation is made on the cell, it results in
the generalized fuzzy transportation table shown
below:

T, D, &D, 58
60 | (26101702 | (2681202) (1371000) | (261L1802)
6D | (303.5:00) | (304500 (35700)

Applying step 1to the above table, the following
generalized fuzzy cost deviation table is obtained.

[ 0, [ [

G0: | 81,1160, | [$-13.1101) 944800 | 261L1802)
6101702 | 681202)] (137.1000)]
WD | ($0530) | (504802 (13570))

The maximum generalized fuzzy row cost
deviation is identified, which is in cell (3,1) and the
minimum generalized fuzzy row cost is selected
from the second row , which is to be in cell (3,4).
The maximum generalized fuzzy column cost
deviation is identified, which is in cell (3,1) and the

minimum generalized fuzzy column cost is selected
from the second column , which is to be in cell
(3,1). The selected cells are (3,4) and (3,1).

By step 7, maximum possible units are allocated to
cells (3,4) and (3,1).

After the allocation is made on the cells, the
allocation is completed as follows

G, G, 6Dy GD, GFC
1461002)
G0 034500 | Q45709 (123400)] Q46808 | (1461000
(4680

G0y | (2360303 | (1236.00) | Q361400 | 6111503 | 46800
(B031300) | (504800) | 234700 | (135700)
G0: | 06101702) | Q681200 | (124600 | (1371000 | G10420Y)

D | 0691402 6631000 Q34702 | (135700

Initial basic feasible solution to the given GFTP is
obtained and the generalized fuzzy transportation
cost according to the above route is
(1,4,6,10;0.2)Q(2,3,4,5;0.2)d
(2,4,6,8,0.2)®(1,2,3,6;,0.1)®
(-8,0,5,13;0.2)®(2,6,10,17;0.2) B
(-5,0,4,8;0.2)®(2,6,8,12;0.2)®
(2,3,4,7,0.2)(1,2,4,6;,0.1) D
(1,3,5,7;,0.2)®(1,3,7,10;0.1)

= (-189, 35,175,527;0.1)

The optimal generalized fuzzy basic feasible
solution by GFMDM (Sagaya and Henry,(2011)) is
obtained as follows

By stepl, assign ti; = (-1,-0.5,0.5,1;0.5) to the third
row (the row with maximum number of allocation).
Thus,

7; =(2,6,10,17;0.2)6(-1,-0.5,0.5,1;0.5) =
(1,5.5,10.5,18;0.2)

7, =(2,6,8,12;0.2)©(-1,-0.5,0.5,1;0.5)=
(1,5.5,8.5,13;0.2)

75 =(1,2,4,6;0.1)©(-1,-0.5,0.5,1;0.5)=
(0,1.5,4.5,7;0.1)

7, =(1,3,7,10;0.1)©(-1,-0.5,0.5,1;0.5)=
(0,2.5,7.5,11;0.1)

i, =(1,2,3,6;0.1) ©6(1,5.5,8.5,13;0.2)=
(-12,-6.5,-2.5,5;0.1)

i, =(2,3,4,5;0.2)©(1,5.5,10.5,18;0.2)=
(-16,-7.5,-1.5,4;0.2)

The net evaluations for each of the unoccupied
cells are determined as follows :

71,0 Cp =y @ 7,) © €12 =
(-22,-7,3,15;0.2)

72130 C3=(0; @ 73) O €13 =
(-20,-9,1,10;0.1)

74O Cu=(y @® U, O ¢4 =
(-24,-11,2,13;0.1)

23210 G =(l, @ 1) O & =
(-24,-7,5,21,0.1)
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7330 CG3= (U @ U3) © G5 =
(-26,-11,-1,10;0.1)

2240 Coa = (U @ Uy) O Cpy =
(-27,-15,-1,14;0.1)

Since all

(Zi(fl) ’Zi(jZ) 'Zi(j3) 'Zi(;); qu‘) ©

(e cfp e el ) <
(-1,-0.5,0.5,1; 0.5) the current basic feasible
solution is an optimum one and the optimal
generalized fuzzy transportation cost associated
with the optimum schedule is

(z®,z@,23 7% ;w,) =(-189,35,175,527;0.1)

Next to Next Generalized Fuzzy Minimum
Penalty Strategy :

By step land step 2, the generalized fuzzy row
penalty for each row and the generalized fuzzy
column penalty for each column are computed and
written against the row on the right

and on the bottom of the generalized fuzzy cost
matrix below their corresponding columns.

And the resulting table is shown below

GFD; CFDy CFDy GFD GFC Penalfies

CFO, | 34&0Y) | 045709 | (23401 | Q46808 | (461007 | (136D

CFQ; | (ALY | (123600 | Q360D | Q6ILISLY) | (A46801) | (4041201)

GFO, | 8101700 | Q681N | (460D | A3TI00L) | EL014200) | (4261101

GFD | (61402 | (6102 | (347D | (LAY

=

Pt (3130100 | (413600 | (M4BOD) | (83370)

In the table above, the maximum generalized fuzzy
penalty is found in the first column. So, the
maximum possible unit (1,4,6,10;0.2) is allocated
to the minimum cost cell i.e.,(1,1). The remaining
stock is written in the first column. The first row is
removed and steps 1 and 2 are repeated. The
resulting table is shown below :

GFD; G0y GFD; GFD, GEC Penalties

GFO | 3SI0D) | Q23600 | GISM0D) | GSILI0Y | (46801 | (4041200

GO | (2510170) | (2681203 | (LIASAD | (371001 | GLLI20Y) | (4261L0)

CID | (80&130) | GABI00L) | QA470D) | (L35TAL)

Penalt

185

CIETOIL0T) | 36D | (-LAL0D) | (3181400

In the table above, the maximum generalized fuzzy
penalty is found in the second column. So, the
maximum possible unit (2,4,6,8;0.2) is allocated to

the minimum cost cell i.e.,(2,2). The remaining
stock is written in the second column. The second
row is removed and steps 1 and 2 are repeated. The
resulting table is shown below :

GFD, GFD, GFD; GFDy GIC Penslties

GFO, | GALIT0D) | (GA81202) | (LIAGOD | (AA710Q1) | GL0142000) | (4261L0.0)

GID | (B0ALIND) | (S0480D) | Q470D | (L34T02)

Penalt

o (CAIIT%0D) | (26812:02) [ (L2460D | (L3,710:01)

Repeating the steps 3 and 4, the resulting allocation
table is as follows

i, 0, 0Dy 0D, 0K
(L4610:02)
B0 030500 | 45709 (03400| Qags0s| (1461000
(4680

0| (0361303 | 123600 | 361400 | Q611509 | 046800

(B0310) | (304800 |(Z3470D) | (L3500
B0 06101702 | 0681200 | (L2460D)| (1371000 | G040

0| 069140) | 6681002 | (134700 | (135700

Initial basic feasible solution to the given GFTP is
obtained and the generalized fuzzy transportation
cost according to the above route is = (-189,
35,175,527;0.1)

By applying GFMDM (Sagaya and Henry,(2011) ),
it is found that the current basic feasible solution is
an optimum one and the optimal generalized fuzzy
transportation cost associated with the optimum
schedule is

(zW,z®,z23) 7 ;w,) =(-189,35,175,527;0.1)

The Initial basic feasible solution to the given
GFTP obtained by both the stragegies Generalized
Fuzzy Cost Deviation Strategy and Next to Next
Generalized Fuzzy Minimum Penalty Strategy is
the same and the optimal generalized fuzzy
transportation cost associated with the optimum
schedule is

(zD,z@ 23 7% ;w,) =(-189,35,175,527;0.1)

9. CONCLUSION

Generalized Fuzzy Cost Deviation
Strategy and Next to Next Generalized Fuzzy
Minimum Penalty Strategy are proposed to find the
initial basic feasible solution of the generalized
fuzzy transportation problem where transported
costs, the supply quantities and the demand
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quantities are generalized trapezoidal fuzzy
numbers. These Strategies are systematic
procedures, both easy to understand and to apply
and their solution is close to the optimum solution.
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